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The macroscopic equations of nemato-capillarity, including the interfacial linear momentum
balance equation and the interfacial director torque balance equation, are presented. The
interfacial linear momentum balance equation for isotropic fluid—nematic liquid crystals
involves the surface divergence of the surface stress tensor. It is shown that the surface stress
tensor for isotropic fluid-nematic interfaces is, in most cases of interest, dominated by elastic
modes. It is found that the anisotropic elastic contribution to the surface stress tensor gives
rise to bending stresses, not observed in interfaces between isotropic fluids. In addition it is
found that the anisotropic contribution to the surface elasticity also gives rise to tangential
forces. Thus when the director orientation deviates from the easy axis of an isotropic fluid—
nematic interface and the deviation has surface gradients, an orientation-driven Marangoni
flow can exist. The strength of this novel effect is proportional to the anchoring energy of the
interface, and the direction of flow is from low energy regions towards high energy regions,
that is, from regions where the director is aligned along the easy axis towards regions where

the director deviates from the easy axis.

1. Introduction

Capillary hydrodynamics in isotropic fluids is con-
cerned with fluid flow phenomena in which interfacial
tension is a significant effect [1]. The two important
cases are flows with interfaces of finite curvature and
with spatial gradients in the interfacial tension. For
example, spatial gradients in the surface tension at the
free surface of isotropic viscous fluids create a surface
shear stress that can only be balanced by shear flow in
the adjacent surface layers. The general phenomenon
is known as Marangoni flow and the surface tension
gradients driving the flow can be caused by temperature
gradients (thermocapillary flows), surface concentration
gradients (diffusocapillary flows), and electric charges
(electrocapillary flows) [1,2]. Applications of viscous
flows driven by tangential stress caused by gradients in
surface tensions are found in flow in porous media,
damping of capillary waves, cleavage of biological cells,
to name a few.

At the macroscopic level the theoretical framework
to describe capillary hydrodynamics of isotropic fluids
consists of the balance equations of mass, energy and
momentum, and the necessary boundary conditions
including the interfacial stress balance conditions, and
the interface velocity conditions [3]. The interfacial
stress boundary conditions play a foundational role in
capillary hydrodynamics since they are involved in deter-
mining the shape (normal stress equation) of the interface

as well as the presence of surface flows (tangential
stress equations). In these two boundary conditions the
term that balances the stresses in the bulk phases is
the surface divergence of the surface stress tensor. As a
consequence the surface stress tensor itself must describe
the necessary deformation modes. There are many con-
stitutive equations for the surface stress tensor such as
elastic, viscoelastic, viscoplastic, etc [3]. Almost always
the surface stress tensor is a 2 X 2 symmetric tensor with
normal elastic stress components and shear viscous stress
components [4]. On the other hand, bending stresses
are not present in isotropic fluids [4]. The presence of
nematic ordering introduces anisotropic viscoelastic
behaviour in the bulk nematic phase as well as aniso-
tropic elastic modes in the interface of a nematic liquid
crystal and an isotropic fluid. It will be shown below
that the anisotropic surface elasticity of nematic liquid
crystals introduces bending stresses not found in inter-
faces between isotropic fluids. Thus the conventional
stress interface stress balance equations that are the
foundations of capillary hydrodynamics [ 1, 3] need to
be augmented with the nematic anisotropic viscoelastic
modes.

Nematic liquid crystals are known to have a component
of the surface tension that is orientation dependent
[5]. A very well known expression that describes this
property is the Rapini—Papoular surface free energy,
which is widely used in the liquid crystals research field
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[6]. As shown below, nematic liquid crystals will also
exhibit surface tension driven flow caused by tangential
stresses that appear due to tangential surface orientation
gradients. A novel phenomenon, the orientation-driven
Marangoni flow, may thus appear only in the presence
of weak anchoring, whenever the surface director orien-
tation deviates from the easy axis of the surface. As in
other Marangoni flows, the effect is important when
the gradients in surface tension are comparable to the
characteristic kinetic energy density.

The objectives of this paper are (1) to present the
interfacial stress balance equations of capillary nemato-
dynamics, and (2) to use the tangential stress balance
equation of nematocapillarity to describe the orientation-
induced Marangoni flow that arises in the presence of a
nematic free surface or isotropic fluid—nematic interface.
The main purpose of this paper is to present a new liquid
crystal phenomenon that may have useful applications
in material characterization and product use. To avoid
lengthy repetitions of the well-known equations of
nematodynamics in the bulk the reader is referred to
Chapter 5 of [7].

The organization of this paper is as follows. Section 2
presents a derivation of the interface stress boundary
balance equations and the surface stress tensor for a
nematic liquid crystal in contact with an isotropic
fluid. Section 3 derives the tangential surface force for
a nematic—isotropic fluid interface and gives a simple
example of the orientation driven Marangoni flow.
Section 4 presents the conclusions.

2. Capillary nematodynamics equation
2.1. Interfacial balance equations

In this section we present the interfacial transport
equations for an interphase between an isotropic viscous
fluid and a uniaxial rod-like nematic liquid crystal of
constant order parameter [ 7] . The system is isothermal,
and both phases are incompressible. The interphase is
assumed to be viscoelastic.

Assume that a nematic liquid crystal is undergoing
flow with velocity v— and director n in region R—, and
that an isotropic viscous fluid is undergoing flow with
velocity v+ in region R+. The interface between the
two regions is characterized by a unit normal k, directed
from R— into R+. The flow in both regions satisfies
the continuity equation and the momentum balance
equation. In addition, in R— the liquid crystal satisfies
the director torque balance equation. The kinematical
interfacial boundary cgnditions are that the velocities
are continuous: v. = v . The dynamical boundary con-
ditions are expressed by the interfacial linear momentum
balance equations given by [3]:

—k tT—tH)=v, ¢ (1)

where k is the unit normell directed from the (—) phase
towards the (+) phase, t— is the total stress tensor in
the two (+) bulk phases, Vs =I5 V is the surface gradient
operator, I;= 1 — kk is the surface idem factor, and t' is
the elastic surface stress tensor. The stress tensor in the
isotropic bulk phase (+) is given by:
t+=—p+l=2n+D+ (2)
whe+re p i+s the pressure, n+ the shear viscosity, D' =
(Vv '+ Vv Ty2 is the deformation rate tensor and where
the superscript T denotes the transpose. The stress tensor
in the nematic phase (—) is given by [7]:
OFp

t =—p I—-— VnT-l-qu_ :nnnn + conN
oVn

+ N n+wuD +asnn D + oD nn
(3)

where the {ai}; i=1,...,6, are the Leslie viscosity
coefficients, N~ = dn/dfr— W~ n the director’s Jauman
derivative, W~ = (Vv_ — Vv~ ")2 the vorticity tensor in
the nematic phase, Fv is the bulk Frank free energy
density [5, 7] given by:

2Fp= K1 (div n)2 + K7(m curl n)2 + K 33|n X curl n|2
+ (K 22— K24)(tr(Vn)’ — (div n)*) (4)

and the Frank constants {K ;;}; ii= 11, 22, 33, 24, are the
elastic moduli for splay, twist, bend and saddle-splay
deformations, respectively.

The surface stress tensor t* is given by the sum of the
elastic t* and the viscous t™ contributions. The surface
elastic stress tensor is given by [8, 9] :

t*°= FIs— Fs nk (5a)
pr= I 5b
Y dm k) (58)

where Fs is the surface free energy density, here taken
to be a function of n k. An example of a widely use
constitutive equation for Fs is the Rapini—Papoular
expression [ 5, 6] :

Fs=o[ 1+ tm k)] (6)

where o is the isotropic interfacial tension and .= ot
is the anchoring energy [ 6, 7] . The surface elastic stress
tensor t* can be expressed as:

t°= FIs— Fim k)[itk+i2k] (7)

where (i1,i2) are the surface unit orthonormal base
vectors. In component form t* is given as:

=i 0] i 5 + i1 ks + ko3, (8)
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The surface elastic stress tensor contains the usual
normal stresses (components 11 and 22) and surface
bending stresses (components 13 and 23). These bending
stresses are usually absent in fluids systems [4] but for
nematics they arise when the surface orientation deviates
from the easy axis. The magnitude of bending stresses
is:

5= — Fy(ii K); 1535= — Fy(ia K)(3ah) 9)

Equation (8) shows that for a nematic liquid crystal in
the presence of weak anchoring t* is asymmetric and
possesses at most four components. It is worth observing
that including higher order terms in the classical Rapini—
Papoular expression (6) will not modify the tensor
structure of t*.

To find an expression for the surface extra stress
tensor t ="'+t we identify the forces and fluxes
that contribute to the surface rate of entropy production
A, as follows:

dnl dnd
— ssv sav VH - V] ——
A D+ Wi+ h y +h & (10)
where t*" is the surface symmetric extra stress tensor,
D’ is the surface rate of deformation tensor,

D'= (Vv' L+IVv') (11)

where v' is the surface velocity vector, t™" is the surface
asymmetric extra stress tensor, W* is the surface vorticity
tensor,

Wi= (Vv L—I Vv'h) (12)

where h'll is the parallel component of the surface viscous
molecular field, dnl/ds is the total derivative of the
parallel director component,

dnH 8[1“
— 4+ Van;

dr o

nl=1, n (13ab)
where h'L is the normal component of the surface viscous
molecular field, dnl/ds® is the total derivative of the
normal director component, and

dnl ond

—=—4Vv Vil

4 5 ni=kk n.
t t

(14 ap)
Expressing t' in terms of the parallel components of
the molecular field and director, A becomes

dnl dnl

A=t D +n'l Nl+n'L —; NI=—F
ds ds

—W* nl

(15)

Expanding the fluxes (t*,h*l, h*1) in terms of the forces
(D°, NI, dnl/ds) we find that the symmetric surface

viscous stress tensor and molecular fields are given by:

€= 4 D° nlnlnln! + i(apr o) (NInl+ nINT)

1
+ 6iD’+ (o3 + o (D nlnl4+nlnl D%

(16a)
h'l= 4D nl+ NI (16b)
dnd
th-: S
s (16¢)

where the {a;}; i ., 6, are the surface viscosity
coefficients, with units of energy X time/area, and the
{yi}; i=1,2 are the torque coefficients, with units of
energy X time/area, and due to Onsager remprocal relatlons
the coefﬁments are related as follows: yi= a3 — o,
p»=a+tw=a+a, as found in the bulk case [7].
The antisymmetric surface viscous stress tensor is given
by: € = (h"Inl— nln*ly2.

Finally the interfacial director torque balance equation
is given by the balance of the surface elastic torque '™
and the surface viscous torque T'*"

r“+r= (17a)

r*=nxh*; ™= —nxml+n"l) (175,
where the surface elastic molecular field h™ is given by
[5,8]:

OFs OFp

hi'=— —— ——k 18
8!’!,’ 5!’!,',/‘ / ( )

The relative ratio of the characteristic viscous stresses
to elastic stresses and the relative ratio of the characteristic
viscous torques to elastic torques, gives, respectively:

L] h wU

” tseH aL’ a > (190)

[ nv

el = T (198)
a

where Ca is the capillary number, £: the surface Ericksen
number, o is the anchoring energy, U is a characteristic
velocity, L is a characteristic macroscopic length, and A
is the microscopic thickness of the surface layer. The
value of 4 is of the order 10™°~10~" m [10]. Thus for
most practical applications:

(Kl I S |

h
= Cu : =E—<1 (20ab)
Il L (N L
and the interface can be considered to be purely elastic.
In such cases we can neglect the surface viscous stresses

and torques, h*' = "' = 0.
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2.2. Normal and tangential force balances
The normal force balance equation reflects the shape
effects of the interface and involves the role of surface
tension due to surface curvature effects. It is obtained
by projecting the vector equation (2) along the unit
normal k:

—k (tT—t7) kk
= F[2H]1k+ F.[kKk:Vsn' =V, n—2H@m k)]k
— F{[kn:Vsn+nn:Vik]k+V, ¢ kk (21)

where H is the mean surface curvature: H = — 1/2Vs k.
In the absence of flow the equation reduces to the static
normal force balance equation that can be considered
as the Laplace equation for nematic—isotropic systems.
The tangential force balance equation involves gradients
in the surfance free energy density and is obtained by
projecting equation (2) along the tangent direction:

—k (tT—t7) L=Fk Ven'] L+V" I
(22)

where the first term on the right hand side is the
tangential force due to surface orientation gradients.

3. Orientation-induced Marangoni flow

In capillary hydrodynamics the effect produced by
tangential forces due to interfacial tension gradients is
known as the Marangoni effect [ 1, 2, 3] . The Marangoni
flows are known as thermocapillary (thermal gradients),
difussocapillary (concentration gradients) and electro-
capillary (electric charge gradients) flows. To this list
one may add nematocapillary flows, which are flows
driven by orientation gradients. The orientation-induced
Marangoni effect for nematic liquid crystals is given by
the following tangential force:

fj=F{[k Vin'] L. (23)

For the Rapini—Papoular constitutive equation (6) the
tangential force f| becomes:

fy=20tm K)(k Vin') L. (24)

Thus to observe this effect the surface director orien-
tation must deviate from the easy axis of the nematic—
isotropic surface. If the scalar order parameter [7] is
not constant, Marangoni flow can also occur due to
surface gradients of the tensor order parameter; this
more general case will be treated in another publication.
The orientation-induced Marangoni effect creates a flow
from the region of low interfacial tension to the region
of high interfacial tension. In our case the flow will be
from regions where the director is along the easy axis
to regions where the director deviates from the easy axis.

As a simple example of this novel phenomenon,
consider a nematic free standing film with a splay—
bend inversion wall [7] along the z-direction due to
an imposed magnetic field along the x-direction:
H=(H,0,0). The director field is assumed to be given
by n= [sin a(x), 0, cos a(x)] . The easy axis and the out-
ward unit normal are along z: k = (0, 0, 1). At the centre
of the wall (x=0) the director is along the easy axis
(a=0), and sufficiently far (x > + ) from the centre
of the inversion wall the director is aligned along the
magnetic field (ea= +n/2). The tangential force is in
the x-direction and is given by:

. da
-fHX: olt| sin(2e (25)
dx

showing that the flow is from the low energy (x = 0)
region to the high energy regions (x — + ), as in all
Marangoni flows. The magnitude of the flow will be
proportional to the surface anchoring energy olz|, where
7 1S a negative constant for homeotropic anchoring.

4. Conclusions

The interfacial stress balance equation for liquid
crystals involves the surface divergence of the surface
stress tensor. For many common cases the surface stress
tensor can be considered purely elastic. The anisotropic
elastic contribution to the surface stress tensor gives rise
to bending stresses, not observed in isotropic materials.
The anisotropic contribution to the surface elasticity
also gives rise to tangential forces. Thus when the
director orientation deviates from the easy axis of an
isotropic fluid—nematic interface and the deviation has
surface gradients, an orientation-driven Marangoni flow
can exist. The strength of the effect is proportional to
the anchoring energy characteristic of the interface, and
the direction of flow is from low energy regions towards
high energy regions, that is, from regions where the
director is aligned along the easy axis towards regions
where the director deviates from the easy axis.
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